Abstract. We study the covering dimension and the index of the solution set to multiparameter nonlinear and semilinear operator equations involving Fredholm maps of positive index. The classes of maps under consideration are (pseudo) ^-proper and either approximation-essential or equivariant approximation-essential. Applications are given to semilinear elliptic BVP's.
Introduction
It is the purpose of this paper to study the covering dimension and the index of the solution set of (equivariant) operator equations of the form Applications are given to semilinear elliptic boundary value problems.
Continuation theory for equivariant 4-essential maps
Many problems in Applied Mathematics have symmetries. For example, the constitutive equations of continuum mechanics must be independent of the reference systems; rotations and translations cannot change the nature of the problem. A change in the origin in time should not change the nature of the equations in evolution problems (see [I] for more details). In this section we shall develop some continuation theory for approximation-essential maps dealing with the structure and covering dimension and with the index of the solution set of nonlinear operator equations. We assume that the maps have some symmetry property; i.e. they are equivariant relative to some compact Lie group G. Let GL(X) he the space of all linear continuous isomorphisms of X equipped with the operator norm. Suppose that X is a Banach G-space or a representation of G; i.e., there is given a continuous homomorphism Tg : G -» GL(X). We can (and will) assume that Tg : X -* X is an isometry for each g e G. If G acts on Banach spaces X and Y via {Tg} and {Tg}, respectively, then a map T : X -» Y is said to be G-equivariant if T(Tgx) = fg(Tx) for each x e X and g £ G.
For a subgroup 77 of G, we denote by Fix.*-(77) = {x £ X\ T/,x = x for each h e 77}. A subgroup Gx = {g £ G \ Tgx = x} is called the isotropy subgroup of G at x. Define Xh = {x £ X | Gx = 77} and X(jj) = GXh = {x £ X\ Gx = g~xHg for some g £ G}. If G is a finite group, we define for any irreducible representation V c X the number p(V) as the greatest common divisor of the numbers |G/77,|, where 77, ranges over all subgroups such that VHi = {x £ V \ Gx = g^Hg for some g £ G} ^ 0. If Vx, ... , Vk axe all irreducible representations contained in X, then p(X) is defined as the greatest common divisor of the numbers p(V{). A subset Sci is said to be G-invariant if GS c S. Let X/G be the orbit space of X relative to G.
A. Dimension results. Let {Xn} and {Y"} be finite dimensional subspaces of Banach G-spaces X and Y, respectively, with dist(x, X") -* 0 as n-»oc for each x £ X and let Q" : Y -> Y" be a linear projection onto Yn with S = sup ||g" || < oo. Suppose that dimX" -dim Y" = i > 0 for each n and some fixed i. We say that a scheme T, = {X", Y", Q"} for (X, Y) is Ginvariant if all Xn and Y" axe G-invariant. Let T" = Q"T.
Let U C X be an open, not necessarily bounded, subset and S he an arbitrary subset of X. To define the class of admissible (pseudo) 4-proper maps on S n U, we recall ( [IMPV] , ). 2. An admissible map T w.r.t. T, on 5Ti*7 (resp., Snt/) is said to be Approximation-essential (A-essential for short) w.r.t. T, on SnU (resp., S n 17) if, for each n, Tn = QnT : U n X" -+ Y" is continuous, and for any open, bounded, and G-invariant set V such that (T")~x(0) nSc Fnl" c VnXncU nX" (resp., (Tn)~x(0) nSc Fnl"c (7nl"),any continuous G-equivariant extension Tn : V n X" -* Yn of T" \ d V n Xn -* Y" has a zero in SnKnI". Remark 1.1. If G = {e?}, U is bounded, and STlF is closed, then T :U ^ Y is 4-essential w.r.t. r, on S nU if and onlyjf, for each n, the restriction Tn\SndUnXn is essential with respect to SnUnX" in the classical sense (cf. Dugundji-Granas [DG] ); i.e., any continuous extension fn : SnTJnXn -► Yn has a zero in S nU n X" . Hence, we see that in this case the 4-essentiality w.r.t. T, on S nU reduces to the one introduced by the author ). Definition 1.3. A map T : U -* Y is (pseudo) A-proper w.r.t. T, on S n U if whenever V is an open and bounded set with V c V c U and {x"k £ S nV n X"k} is such that Q"kTx"k -Q"kf -+ 0 for some f £ Y, then {x"k} has a subsequence converging to x £ SnU (there is x € Sn U) with Tx = f. Note that the admissibility of 77, means that, for each t e [0, 1], 77, and Gj"77, have no zero near the boundaries dU and dU nX" . Definition 1.5. A homotopy 77 : [0, 1] x U -* Y is A-proper w.r.t. T, on S nU if QnHt : U n X" -* Y" is continuous for each t and n, and if {x"t £ S nV n X"k}, with V open and bounded such that V c V c *7, ffc € [0, 1] with tk -♦ r and Q"kH(tk, x"k) -Q"kf -> 0 as /: -► oo for some f £Y, then a subsequence of {x"t} converges to x e Sn C7 and H(t, x) = /. Similarly, we define the 4-properness of 77:
The classes of 4-proper and pseudo 4-proper maps are very general and we refer to for many examples of such maps. We note also that (pseudo) 4-proper maps w.r.t. T, with /' > 0 have been first studied by the author in 6] and, independently, by ). For a recent survey of the (pseudo) 4-proper mapping theory, we refer to .
We have the following transversality result. Proof. When U is bounded and SnU is closed, the theorem was proved by the author . Using similar arguments, it is easy to prove it in this generality (cf. also [IMPV] ). □ Definition 1.6. A map T : U -► Y is said to be sectionally proper on a closed (in X) subset C c U if and only if for any finite dimensional subspace Yn of Y and any compact set K c Yn , the set T~X(K) is compact.
Recall that, if TC is a topological space and m is a positive integer, then K is said to have covering dimension equal to m provided that m is the smallest integer such that whenever y is a family of open subsets of K, whose union covers TC, then there is a refinement, 3*1, of S' whose union also covers K, and no subfamily of 9\ consisting of more than m + 1 members has nonempty intersection. If K fails to have this refinement property for each positive integer, then K is said to have infinite dimension. When x e K, then K is said to have dimension (covering) at least m at x if each neighborhood of x, in A, has dimension at least m. In the absence of a manifold structure on K, the concept of dimension is the natural way to describe its size.
We need the following covering dimension result for G-equivariant 4-proper homotopies of . Theorem 1.2. Let S be closed in U and 77 : [0, 1] x U -* Y be a sectionally proper on bounded and closed subsets of S n U admissible G-equivariant Aproper homotopy w.r.t. G-invariant scheme T, = {A x Rm x X", Yn x Rk, Qn} on SnU.
Let 770 be A-essential w.r.t. T, on SnU. Then there exists an invariant set IcSfl[/ which is minimal, closed (in U), and (a) 77i is A-essential w.r.t. T, on X n U = X and so 77,_I (0) nl^0.
(b) 7/ X = Xi L)X2, where Xi and X2 are proper, closed, and invariant subsets with Zi n X2 = 0. then either Xi = 0 or Z2 = 0. This is equivalent to saying that X/G is connected. If G is connected, then so is X.
(c) If Fixy(G) ^ {0}, then X is either unbounded or X n dU # 0. Assume that Y = Fixv(G) ® Y2, where Y2 is such that Fixy2(G) = {0}, and decompose Hx as Hx = (hi, h2), where hx : U -» Yx = Fixy(G) and h2:U -*Y2. Then there exists an invariant minimal subset X contained in /?^'(0) n X such that (i) hx is A-essential and invariant on X n U w.r.t. Ym and, in particular, X is either unbounded, or cl(X) ndU / 0 (provided Fixy(G) ^ {0}).
(ii) If X/G = Xi U X2 with ~LX, X2 closed and proper subsets of X/G, then dim(Xi nX2 nX") > dim Fixv"(G) -1 for infinitely many n. In particular, X/G is connected and has infinite dimension at each point. When G = {e} , then every map is G-equivariant. Hence, as a particular case of Theorem 1.2 we have the covering dimension result for 4-proper homotopies due to Ize-Massabo-Pejsachowicz-Vignoli [IMPV] and to in a less general form.
The following continuation theorem gives some conditions on 77 when Theorem 1.2 can be applied . Hence, Hq-f is 4-essential on D.
Now, let e e (0, 1) be fixed. Then, arguing again by contradiction, we see that the 4-properness of 77 on [0, e] x dD n (7?m x V) and (i) imply that there is an n2 = n2(e) > nx such that for each n > n2
with nx(ex) > n2(e2) whenever ex > e2. Using this and the homotopy F" :
[0, l]xD~n(RmxXn)^ y",given_by F"(t, X, x) = QnH(zt, X, x)-Q"f, we get that He-f is 4-essential on D. Therefore, for each such n> n2 there is an (X",xn)£Dn (Rm x Xn) such that e"T7"(e, Xn, x") = Qnf. Next, let ek £ (0, 1) be increasing and e^ -> 1 and (X"k,x"k) £ D n (Rm x X"k) be such that Q"kHnk(ek, X"k, xnk) = QnJ for k > 1. By the continuity of 77, at 1 uniformly for (X, x), we get that QnkH(\, X"k, x"k) -> /, and 77(1, X, x) = f for some (X, x) by the pseudo 4-properness of Hx. O Next, we prove an extension of the first Fredholm theorem to nonlinear pseudo 4-proper maps. We say that a map A : V c X -+ Y is a-positively homogeneous if A(tx) = taA(x) for all x e V, t > 0, and some a > 0. Proof. By Lemma 2.1 in there is a c > 0 and an «0 > 1 such that ||Qn4x|| > c||x||a for each x e Xn and n > n0. Let H/(t, x) = Ax + tNx -tf for each f £ X. Then, arguing by contradiction, it is easy to show that there exists an r/ > 0 such that QnHf(t, x) ^ 0 for all x € 977(0, rf)nXn, t £ [0, 1], and n > no. Since 77^(0, •) = 4 is 4-essential, by Theorem 1.1 77/( 1, •) is 4-essential w.r.t. T, on S D U. Hence, there is an x" £ S n U n Xn such that QnH(l, x") = 0 for each n > no-Since Hf(\, •) is pseudo Aproper, there is an x e S n U such that 4x + TVx = /. □ Special cases. Now, we shall derive several special cases of the above results using either the G-degree, or complementing maps or the homotopy degree. The G-degree has been defined, studied, and applied by many authors for various groups G (Dancer, Ize, Massabo, Vignoli, Geba and others, 2] , [IV] , [GKW] and [I] for references). The G-degree has been developed in 2] for general G and is used below. We have the following continuation result. Y={RmxVn,Ynx Rm,Q"} with Qn(y, X) = (Qny, X) and V" = Xn n V. When D is unbounded but (T, C) 
where U is any bounded neighborhood of (T, C) 
If TZq is a complementing map, then it is 4-essential and Theorem 1.3 holds for such homotopies.
Next, when 77i is just pseudo 4-proper, we can still establish the solvability of 77(1, A, x) = /. Then the equation 77(1, X, x) = f is solvable in Rm x V.
Proof. In either case we have that 770 is 4-essential w.r.t. Ym and Theorem 1.4 applies. D
Our next result is the following continuation theorem for pseudo 4-proper G-equivariant maps with G satisfying (G) G is either finite with p(X) > 1 or is an infinite compact Lie group such that Fix(TC) = 0 for some subtorus TC of G. Theorem 1.8. Let Rm x X be a Banach G-space, Rm be G-invariant, Yq = {X", P"} be a G-invariant schemefor X, and condition (G) hold on Rm x X. Proof, (a) Let G be finite and fix n > no. Since P"Hq : Br n Xn -* Xn is G-equivariant and P"Hq(x) ^ 0 for x £ dBr n Xn , we know that [I] deg(7>"Z7,, Br n Xn, 0) = deg(PnH0 ,BrnXn,0) = l+ k\G\.
If G is infinite, since X" c. X, we have that Fix(TC) nl" = 0, and deg(P"Hx, Br nXn, 0) = 1 for each n > no . Hence, there is an x e 77r n Xn such that P"T7i (x") = 0. By the pseudo 4-propemess of 77i, the equation 77(1, x) = 0 is solvable in 77r.
(b) Let r > 0 be fixed and suppose that for some n, P"T : dBr n (7?m x X") -» Xn\{0}. Let Tn : dBx n (Rm x Xn) -» dBx n Xn he given by T"(x) = P"T(rx)/\\P"T(rx)\\ and /" : 977] n 7?m -> f377i n (7?m ® Xn) be the natural inclusion. Then Tn, i" , and fn = inTn ■ dBx n (7?m x X") -* dBx n (Rm x Xn) are G-equivariant maps, and deg(7") ^ 0. But, since T" factors through dBi n Rm c dBx n (Rm ® Xn) and Rm £ 0, we have that deg(f") = 0. This contradiction shows that {x e dBr n (Tm x X") \ P"Tx = 0} ^ 0 for each « . Then the conclusions follow from the (pseudo) 4-properness of T. D Now, regarding the schemes used above, the following result is useful. Proposition 1.1. If X is a Banach G-space and separable (nk-space, respectively), then there are finite dimensional G-invariant subspaces X" of X (with Xi C Xi C •••, respectively) such that dist(x, X") -> 0 as n -* oo for each X£X. Proof. Let Un be a sequence of finite dimensional subspaces of X such that dist(x, U") -» 0 as n -► oo for each x e X. Define the linear subspaces of X by Xn = GU" = {Tgx\x eUn,g e G). If S(U") is the unit sphere in Un , then S(X") = GS(Un) is the unit sphere in X" since G acts by isometries on X. Since S(X") is a compact subset of Xn as a continuous image of the compact set GxS(U"), it follows that X" is finite dimensional. Moreover, each X" is G-invariant and dist(x, X") -> 0 as n -> oo for each xel since each Tg : X -> X is an isometry. Finally, if Ux c U2 C • • • , then Xj C Xi C • • • . □ B. On the index of the solution set. Our next step is to connect a given representation of G on X with an index theory and then estimate the index of the solution set ZT from below. Moreover, for some concrete index theories one can then estimate the covering dimension of Zr from below.
By an index theory 7 on a Banach space X we mean a triplet {X, M, /'}, where X is a family of closed subsets of X such that 4UT7, 4nZ7, and A\B e X for all 4, B £ X, M is a set of continuous maps containing the identity and is closed under composition with T(A) e X for each 4 e X and each T e M, and i':X->/Vu{+oo} is a map having suitable properties ( [FR, ). Let {Tg} be a representation of G on X and define X(7?) = {4 c X \ A is closed and G-invariant} and M(Tg) = {h e C(X, X)\h is G-equivariant}. An index theory {X, M, i} is related to the representation of G on X if X = Z(Tg) and M = M(Tg). It is said to have the ^-dimension property if there is a positive integer d such that i(XdkndU) = k for all rffc-dimensional subspaces X^k € £ such that Xdk n Fix(G) = 0 and all closed bounded neighborhoods U e X of zero.
In the literature there are many index theories and we mention only the index theory induced by the genus function of Krasnoselskii ([K] , [R-l] ), the indices in [FR] , [Be-1,2], [FHR] , [FH] Proof. Part (a) follows from Theorem 1.8. Let n > 1 be fixed and Q" = QnXn .
Then dClnX" is G-invariant and Q"T : dd C X -► Yn is G-equivariant. Next, since T is continuous and 4-proper at 0 w.r.t. a projectionally complete scheme, it follows that T is proper on bounded and closed subsets of X, and consequently Z is compact in X. Hence, i(Z) < oo and, for somê -neighborhood of Z, i(Ng(Z)) = i(Z). Moreover, there is an «o > 1 such that Z" c Ng(Z) for each « > «o-If not, then there would exist x"k £ Z"k\Ng(Z) such that for each k > 1, Q"kTx"k = 0 and some subsequence xnm -► x G dQ by the 4-properness of T at 0 with 7x = 0. But, x € dQ.\Ns(Z) since dQ n X"\NS(Z) c dQ\Ns(Z) for each n, in contradiction to x e Z . Hence, such an «o > 1 exists, and for n > no,
Now, let us look at some special cases. Let G = Z2 = {1, -1} and let its representation on a real Banach space X be given by: Txx = x and 71 ix = -x for all x e X. If A £ X(7?) = {closed subsets of X symmetric with respect to 0}, we define the genus of A , y(A) = k, if k is the smallest integer such that there exists a continuous odd map <j> : A -► 7?fc\0. If such a map does not exist we set y(A) = oo and set also y(0) = 0. Then it is well known that {Z(Tg), M(Tg), y} is an index theory which possesses the dimension property with d = 1 (cf. [K, R-l] ) and dim(4) > y(A) -1. In this case Theorem 1.10 was obtained by the author and extends an earlier result of Holm and Spanier [HS] and Rabinowitz [R-2] for compact perturbations of Fredholm maps of positive index.
Next, consider the multiplicative group of complex numbers G = Sx = {z £ C\\z\ = 1} and a unitary representation {Tz} of this group on a real Hilbert space. For simplicity, we shall write Ts instead of Tz if z -e's, s £[0, 2n). If A £ X(7i) = { closed Tj-invariant subsets of 77} , we set (Fadell-Rabinowitz [FR] , Benci [Be-1]) t(4) = k if k is the smallest integer for which there exist a positive integer n and a continuous map 4> : A -> Cfc\{0} such that <f>(Tsx) = e'ns<f)(x) for all x € 4 and se [0, 2n) . If such a map does not exist, we set t(4) = +oo and set also t(0) = 0. If Xk is an invariant subspace of 77 with Xk n Fix(S') = 0, one can show that its dimension is even and ( [FR] , ) that [L(TS), M(TS), x} is an index theory having the dimension property with d = 2.
Finally, consider a normed linear space X over T^ = 7? or C or the quaternions 77, and let G be the unit sphere in F. Let G act freely on X* = Ar\{0} ; i.e., Fix(G) = {0}. For 4 e Z(Tg) = {closed G-invariant subsets of X,}, we let Indf (A) be the Fadell-Rabinowitz index of 4 [FR, p. 148] . Then [L(Tg), M(Tg), Indf} is an index theory such that Indf(4)dimF < dim4
for each 4 e 2,(Tg) and, if X = Fn, the Euclidean «-space over F and U £ I.(Tg) is a bounded neighborhood of 0 in X, then IndfdU = n (see [FR] ). Thus, their index satisfies the dimension property in X over F with d = 1. For other examples, see [FHR] , [FH] Then (3) is solvable for each f e f0®Y. Proof. Let f e fo + Y he fixed and Nfx = Nx -f. We shall show that deg(Q"(4 + Nf)\V" , V", 0) ^ 0 for all large n . Arguing by contradiction and using arguments similar to [Mi-2], we get that there is an ro large and «o > 1 such that whenever Q"Ax + tQ"(I -Q)Nx = tQnfx for some t e [0,1], x = z + xx e Xn , n>no, with ||z|| < rM + p and ||xi || = r for some r then Remark 2.1. When k = 0, i(A) > 0, and TV is continuous compact and uniformly bounded (i.e., ||7V|| < C for all x), the solvability of 4x+7Vx = 0 in Theorem 2.3 was given in Nirenberg [Ni-1] (cf. also [Cr] ). When k = i(A) = 0, Theorem 2.3 was obtained by the author 4] . For other special cases, see .
The next resonance conditions proved to be useful in studying the solvability of (3) We shall also need that the scheme Ym for (7?fc x X, T) has the following Property (P) (11)- (14) holds, or (8) and (15) hold. Proof. Let fe f0+Y be fixed, Nf(X, x) = N(X, x)-f, C = ±J~XP: V -T0, and 77(7, v) = Av + tCv + (1 -t)Nv for ( e [0, 1] and v e V = Z ® X. Assume first that one of (11)- (14) holds. Arguing by contradiction as in and using Property (P) we find an 7? > 0 such that for each r > R there are y and «o > 1 such that for n > n0 (12) were first used by Necas [N] , de Figueiredo [F] , and Mawhin [Ma-2], while (11) and (13)- (14) were used by Fitzpatrick [Fi] in his study of (3) involving condensing maps and are improvements of the earlier conditions of Necas [N] , , and FucikKucera-Necas [FKN] . Still in this case, (11)-(12) and/or a variant of (13) were used in the study of (3) [W] e RO+(G). Let the G-boundary conditions be given by a G-equivariant map B: X -* W. Suppose that F: I x U -* V is continuous and G-equivariant and for all teI,neUQV,C,£'e V, and a sufficiently small k > 0 |JF(*, if, 0 -,F(*, ff, C)l < *IC -CIThen, under these assumptions, one shows that the conclusions of Theorem 2.5 hold in Cm(V) for the BVP (which extends a result in [M-l]) u^m)(t) = F(t, u(t),..., t£m\t)), Bu = 0.
Note that if V and V are two representations of G, of dimensions n and ri, respectively, then a G-equivariant polynomial map F: V -> V is called a (V, F')-invariant. Thus, the invariant theory, which describes and classifies (V, F')-invariants, gives us examples of G-equivariant maps (see [We] ). where ( , ) is the L2-inner product. This can be shown by arguing by contradiction and extending suitably the corresponding arguments in Tarafdar [T] for the case i(A) = 0, y < 1, 77 = 0, and F = F(x, u). □ When i(A) = 0,y<l,H = 0,F = F(x, u) the existence assertion of Theorem 2.6 was obtained by Tarafdar [T] . For other resonance conditions with i(A) > 0, see NM] .
